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1. Introduction 

Consider a population of N units classified 
into k strata, the i -th stratum having units 

k 
so that E Ni = N. Let Y be the characteristic 

i =1 
under study and consider the problem of estima- 

N 
ting the mean from a stratified 

i =1 k 
random sample of size where ni units 

i =1 
are drawn by simple random sampling without re- 
placement from the i -th stratum i = 1L 2, ..., 

k. An unbiased estimate of the mean yN is 
given by 

k 

= (1.1) 
i =1 

ni 

where W. is the proportion of units in the i -th 

stratum and n is the simple mean estimate of 

N , the mean for the i -th stratum. If Ni is so 
Ni 

large that 
-1 

_ 1, V(w) can be written as 

k k 
. (1.2) 

1=1 i=1 

If the total sample size n is fixed in ad- 
vance, the classical problem of allocation of 
sample sizes in stratified sampling is to deter- 
mine a vector (n1,n2,...,nk) of k non -negative 

k 
integers such that E ni = n and for which 

1 =1 
V(yw) is minimum. The allocation so deter- 

mined, commonly known as Neyman allocation 
(Neyman, 1934) is given by 

k 
= E . (1.3) 

1 =1 

Neyman allocation however depends on strata 
variances which are generally not known. One 
way out of this difficulty (Sukhatme, 1935) is 
to draw an initial sample of fixed size m from 
each stratum to estimate which in turn are 

.used to estimate n. from (1.3). In this case, 

ni is estimated by 
k 

ni = nWisi/ E Wisi (1.4) 
=1 

where is an unbiased estimate of The 

allocation (1.4) will be called Modified Neyman 
allocation. Another allocation which is fre- 
quently used in practice and does not require 
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knowledge of strata variances is propor- 

tional allocation. If the strata variances 

do not differ significantly among themselves, 
modified Neyman allocation may turn out to be 
less efficient than proportional allocation 
(Evans, 1951). 

Before deciding on the method of allocation, 
it is therefore proposed to carry out a prelimin- 

test of significance concerning the homo- 
geneity of strata variances. If on the basis of 
the test of significance the strata variances 
are found to be homogeneous, the sample sizes to 
be drawn from the different strata will be deter- 
mined according to proportional allocation. 
This allocation based on preliminary test of 
significance will be called 'sometimes propor- 
tional allocation'. This paper will consider 
in detail the sometimes proportional allocation 
and discuss its efficiency with respect to pro- 
portional allocation and modified Neyman allo- 
cation for the relatively simple case of two 
strata when < The results for three or 

more strata will be presented in a separate 
communication. 

2. Variance of under sometimes proportional 

allocation. 

The sometimes proportional allocation may 
be defined as 

ni = if < 

= nWisi/ Wisi otherwise 

(2.1) 

where X is a known constant. Clearly, the vari- 
ance of is given by 

s s 
2 

I < A)} P( < X) 

2 2 2 

+ I > X)} P( > (2.2) 

where the expectation in each term is taken with 
reference to the corresponding set and S stands 
for sometimes proportional allocation. To 
evaluate the various terms, it will be assumed 

(m 

that is distributed as chi - square with 

f = m -1 degrees of freedom. It can then be 
seen that 



= (W1 

+ 

W 
1 
W 

[(1+A21) 
f 

) 

+ G 
1/2 

Ip21 
( 21 (2.3) 

where A21 
= p21 = A21 /(x + Q21), = 

1 G =2I( [r(2) ]2 

I (.,) is the incomplete beta distribution. 

If we let X we obtain the variance 
under proportional allocation, namely, 

(ñ - )o1(W1 + W2 Q21) (2.4) 

where P stands for proportional allocation. 

If we put X = 0, we get the variance under 
modified Neyman allocation, namely 

V (W)N Q21) - (W1 + W2Á21) 

+ 212 (2.5) 

where N stands for modified Neyman allocation. 

3. Efficiency of sometimes proportional alloca- 
tion. 

We shall first discuss the relative effi- 
ciency of sometimes proportional allocation 
with respect to proportional allocation. If 
e1(X, A21) denotes the relative efficiency of 

sometimes proportional allocation with respect 
to proportional allocation, it is easy to see 
that 

e1( A21) 

1/ [1 WIWWZA21 
, 

- G A212 

(3.1) 

Clearly, if e1(Á, A21) > 1, sometimes propor- 

tional allocation is at least as efficient as 

proportional allocation. We shall now obtain 
some results concerning the behavior of the 
efficiency function. We shall first consider 
the case when X is an arbitrary but fixed num- 
ber such that 
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f-1 1 

+ (X2-1) > 0 . 

B( 
f 

Then it can be seen that 

and 

e1(X 
A21) 

1 

A21 

ii) a 
ei(X A21) 

>0 

for every 
Q21 

> 

iii) e1(X, 
Q21) > 1 A21 m 

As a consequence of the above, we obtain the 

following result. 

Theorem 3.1. Let X be an arbitrary but fixed 

number in the set [0, such that 

f -1 1 

X 2 (X2 -1) > 0. 
2 f 

, 

f ) 

Then a 3 e1(X, = 1 and e1(X, A21) >1 

for every A21 >A 
0 

Theorem 3.1 assures us that there exists a 

such that for each A21 > sometimes pro- 

portional allocation is always more efficient 

than proportional allocation. 

We shall now consider the case when A21 is 

an arbitrary but fixed number greater than or 

equal to (G2 - 2 + G - ). Then it is 

easy to see that e..(0, 
Q21) 

> 1. Further, it 

can be shown that e1(X, A21) is increasing if 

X < 1 or X and decreasing for i < X < 

It follows that e1(X, A21) reaches its maximum 

at X = 1 and its minimum at X = Also, it 

is not difficult to see that lim e1(X, 

1 . It is now clear that there exists 
X0 

such 

that e1(X, > 1 for every X < X0. We have 

thus proved the following result. 

Theorem 3.2. Let A21 be an arbitrary but fixed 

number greater than or equal to (G2 - 2 + 

G G2 ). Then a 
x0 

el(X0, = 1 and 

e1(X, >1 for every X < X0. 

Armed with the above results, it is now 

possible to prove the existence of a pair 

(X1, X2) 
with X < such that for every X out- 

side the interval (X1, X2), the relative effi- 

= 



ciency of sometimes proportional allocation with 
respect to proportional allocation is never less 
than a preassigned value e0 < 1. This result is 
stated in Theorem 3.3. 

Theorem 3.3. Let e0 be a real number such that 

0 < e0 < 1. Then < X2 e1(X, Q21) > e0 for 

every X outside the interval 
(Xi' X2). 

Proof: To prove the theorem, let 021 be a fixed 
number greater than or equal to 1. 

First consider the case when inf 
el(X, Q21) X 

e0. Then e1(X, Q21) > e0 for every X. If we 

take = to be any real number greater than 

1, then the theorem is true. 

Now consider the case when inf e1(X,A21) < 
X 

e0. Then for some values of X, el(X,A21) < e0. 

But e1(X, A21) is decreasing when 1 < X < 

Also e1(X, > 1. It follows that 
X-+1 

e1(Á, A21) > e0 for every X < X . 

Let L1 = (X e1(Á,021) > e0 for every X < X 

and A21 > 1 and fixed). 

Clearly inf L1 is the required X . Q.E.D. 

A21 

On the other hand, since e1(X, 021) is in- 

creasing when X > and lim e1(X, Q21) = 1 

X- 
A21) > e0 for every X > X . Let 

L2 A21) > e0 for every X > and 

921 
> 1 and fixed) 

clearly, sup is the required . 

921 
>1 

We shall now discuss the relative effi- 
ciency of sometimes proportional allocation with 
respect to modified Neyman allocation given by 

e20`,921) = /V(W)s 

= [Wi W24)21 W1W2 G 

where 

D = + W2Á21 + W1W2 G 

W G 01/2 
f_1 f-1 

1 2 21 

W1w2 (1 + 
A21)Ig2( 

f 
, ) 

(3.2) 
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The results concerning the behavior of e2(X,A21) 

can be obtained in a similar manner and are given 
below. 

Theorem 3.4. Let X be an arbitrary but fixed 
number in the set [0, cc). Then >1 
e2(X,A0) = 1 and e2(X,021) >1 for every 

021.<90. 

Theorem 3.5. Let A21 be an arbitrary but fixed 

number greater than or equal to [G2 - 2 + 

G1G2 -4 ]. Then 
A21) =1 and 

e2(X, A21) >1 for every X < X0. 

Theorem 3.6. Let e0 be a real number such that 

0 < e0 < 1. Then < 3 
e2(X,921) > e0 

for every X outside the interval (Xi, 12). 

4. Numerical illustration 

For the purpose of illustration, consider the 
problem of sampling households in a town in order 
to estimate the average amount of assets per 
household that are readily convertible into cash. 
The households are stratified into a high -rent 
and a low -rent stratum. The variance in the 

high -rent stratum is considerably larger than the 
variance in the low -rent stratum. On the basis 
of preliminary evidence, it is guessed that 

21 
< It is known that 

N = 24,000, W1 = 5/6 and W2 1/6 

N1 and N2 are sufficiently large, so that finite 

correction factors can be ignored. Further, let 
f = 7 and X = 2. The table below gives the 
relative efficiency of sometimes proportional 
allocation with respect to proportional alloca- 
tion as also with respect to modified Neyman 
allocation for different values of 

921' 

Relative efficiency of sometimes proportional 
allocation 

With 
respect to 

921=3 Q21=7 921=9 

Proportional 
Allocation 

Modified 
Neyman 
Allocation 

0.99 

1.014 

1.02 

0.998 

1.10 

0.995 

1.18 

0.997 

1.26 

0.998 

It is seen that for appropriate choice of 
the level of significance as determined by X 
(in this case X=2), sometimes proportional allo- 
cation is almost as efficient as modified Neyman 
allocation. It is also seen that sometimes pro- 
portional allocation is almost as efficient as 
proportional allocation for values of 021 close 

to 1 while it is considerably more efficient 
than proportional allocation for values of 
closer to 9. 
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